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Abstract. Let X be a complex smooth projective variety, and 
Q a locally free sheaf on X. We show that there is a 1-to-l cor- 
respondence between pairs (A, S), where A is a sheaf of almost 
polynomial filtered algebras over X satisfying Simpson's axioms 
and S : GrA — > Sym^^t/ is an isomorphism, and pairs (£, S), 
where £ is a holomorphic Lie algebroid structure on Q and S is a 
class in C), the first Hodge filtration piece of the second 

cohomology of £. 

As an application, we construct moduli spaces of semistable flat 
/^-connections for any holomorphic Lie algebroid C. Particular 
examples of these are given by generalized holomorphic bundles 
for any generalized complex structure associated to a holomorphic 
Poisson manifold. 



1. Introduction 

In jl8], C. Simpson constructed, by using GIT techniques, moduli 
spaces for semistable A-modules over a smooth projective algebraic 
variety X, where A is a sheaf of filtered C^-algebras satisfying some 
axioms. With this result, by varying the algebra A, one gets moduli 
spaces of a large class of objects, which includes semistable coherent 
sheaves, fiat connections and Higgs bundles. 

The main results of this paper are classification of the sheaves of 
algebras A satisfying Simpson's axioms, and some applications. 

In [20j, Sridharan classifies filtered fc-algebras A such that y4(o) = k 
and the associated graded algebra is the symmetric algebra over the 
first graded piece GviA. He shows the following: 

Theorem 1. Let k be a commutative unital ring, L a free k-module 
and S = Sym\L the full symmetric algebra of L. 
Then there is a 1-to-l correspondence between: 

• isomorphism classes of pairs (y4,S), where A is a filtered k- 
algebra with A(o) = k, GriA = L and S : GrA S an isomor- 
phism of graded algebras; 

• pairs (g, S), where q is a k-Lie algebra structure on L and a G 
HQ^{Q,k), the second Chevalley-Eilenberg cohomology group. 

We will generalize Sridharan's construction to the case of sheaves of 
filtered algebras over a smooth projective variety satisfying Simpson's 
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axioms: the first step is to drop the hypothesis A(o) = k, and the second 
one is a generahzation to sheaves. What we will obtain is the following: 

Theorem 2. Let X be a compact Kdhler manifold, Q a locally free 
coherent ffx-fnodule and S = Sym'^^Q. 

Then there is a 1-to-l correspondence between 

• isomorphism classes of pairs (A, S) where K is a sheaf of filtered 
algebras satisfying Simpson's axioms and S : GrK S is an 
isomorphism of graded algebras; 

• pairs {C, S) where C is a holomorphic Lie algebroid structure 
on g and He F^H^{C,C)- 

The vector space F^H^{C, C) is the first piece of the Hodge filtration 
of the 2nd Lie algebroid cohomology group H^{C, C), and is computed 
using the cohomological theory for holomorphic Lie algebroids devel- 
oped in |15] . 

We then present some applications of this correspondence in the 
study of moduli spaces of A-modules. One can observe that the data 
of a triple {H, 6, 7) as in the second section of [18] is equivalent to the 
data of a holomorphic Lie algebroid, and that our theorem completes 
Theorem 2.11 of loc. cit. As a consequence, we obtain moduli spaces 
of flat ^-connections for any holomorphic Lie algebroid £, and with 
the functoriality property we construct rational maps between these 
spaces. 

Moreover, we expect that through this correspondence one can apply 
the theory of Lie algebroids in the study of moduli spaces of A-modules. 
In a paper to come, we will apply the deformation theory of Lie alge- 
broids to construct a generalization of Deligne- Simpson A-connections 
|19] and to compactify the moduli spaces of fiat connections by allowing 
the latter to degenerate along foliations. 

The paper is organized as follows: Section 2 is standard, and it aims 
to give a quick introduction to the objects we are using and fix the 
notation. We first define (smooth) Lie algebroids and their cohomology. 
Then we introduce the L-characteristic ring of a vector bundle. Finally 
we give a definition of a matched (or twilled) pair of Lie algebroids. An 
exhaustive discussion on these subjects can be found in [16], [8], [13] . 

In Section 3 we discuss holomorphic Lie algebroids. It contains 
mainly known facts, but we add some small improvements that we 
have not found in the literature. After standard definitions, we recall 
from [15] the construction of the canonical complex Lie algebroid Ch 
associated to a holomorphic Lie algebroid C and a generalization of 
the holomorphic deRham Theorem, while from ^ we take a general- 
ization of Dolbeault's theory. We then prove a kind of partial degen- 
eration of the spectral sequence computing the cohomology of a holo- 
morphic Lie algebroid, that will allow us to describe the vector spaces 
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F^H'^{C,C). Further, we adress the question of existence of holomor- 
phic ^-connections on coherent ^x-modules: as in [T7] and we 
introduce the jet bundle of a Lie algebroid and as in [S] the i2-Atiyah 
class of a coherent ^x-module S; this generates the i2/i-characteristic 
ring of S, and we show that, also when S is torsion free, the trace of 
the curvature of a holomorphic /^-connection is a representative of the 
first £/i-Chern class of S. 

Section 4 is devoted to the proof of Theorem [2l we first classify 
the extensions of a holomorphic Lie algebroid C by on a compact 
Kahler manifold, and then generalize Sridharan's construction to our 
context. Remark that in [2] the same kind of classification is provided 
in the case when C is the canonical Lie algebroid Tx- 

In the last section, we show an application of this classification to 
moduli spaces of A-modules: it is well known that if £ is a Lie alge- 
broid, then a ^-representation is equivalent to a W(£)-module, where 
U{C) is the universal enveloping algebra of C. We will see that mod- 
ule structures for algebras A twisted by a cohomology class E can be 
described as bunches of local /^-connections on S satisfying some com- 
patibility equations prescribed by S. These have a better interpreta- 
tion as representations of torsors, as we will describe in a forthcoming 
paper. In particular, we will see that by using Simpson's techniques 
one obtains a quasi-projective moduli scheme for fiat /^-connections 
for any holomorphic Lie algebroid C, while the results of Section 3 al- 
low us to conclude that the moduli spaces corresponding to a non-zero 
S G F'^H'^{C]<C) are empty. Examples of particular interest are then 
examined, and we will see, following [15], that when C is the holomor- 
phic Lie algebroid (fix)n associated to a holomorphic Poisson manifold 
(X, n), A-modules coincide with generalized holomorphic bundles, so 
that Simpson's construction provides moduli spaces for these objects. 
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2. Lie algebroids 

2.1. Real Lie algebroids. Let X be a smooth manifold and Tx its 
tangent bundle. 

Definition 1. A (real) Lie algebroid on M is a triple {L,a, {■, ■}) such 
that: 



4 



PIETRO TORTELLA 



• L is a vector bundle on M; 

• {•, •} is a M.-Lie algebra structure on r{L), the space of smooth 
global sections of L; 

• a : L Tm is a vector bundle morphism (the anchor) that 
induces a Lie algebra morphism on global sections and satisfies 
the following Leibniz rule: 

{u, fv} = f{u, v} + a{u){f )v 

for any u,v E T{L) and f G C°°{M). 

A morphism between two Lie algebroids L and L' over the same base 
manifold M is a vector bundle morphism L ^ L' that commutes with 
the anchors and such that the induced morphism on global sections is 
a Lie algebra morphism. 

For p > 1 we denote by the sheaf of smooth sections of /\^ L* 
and by the C°°(X)-module of its global sections. Set Al = A^x^ 
the sheaf of smooth functions on X. Elements of A'l (A'l) are called 
(global) /c-L-forms. 

One can define a L-differential d^ : A'l — > A''^^ via the formula 
(1) 

for 9 e A^j^ and Ui, . . . , Up^i (local) sections of L. 

One has d| = 0, and we call the cohomology of the complex (/\* L*, d/,) 
the Lie algebroid cohomology of L, and denote it by H*{L, a, {■, •}, R) 
(or simply H'{L,R)). 

Remark that a* : — )■ L*, the dual of the anchor a, induces a 
morphism of complexes r(/\^T^) — )■ T{/\^ L*) yielding a morphism in 
cohomology a* : i/f,^(X,M) Hp{L,R). 

2.2. Basic examples. The tangent bundle Tx has a canonical Lie 
algebroid structure with the identity as the anchor and the commutator 
of vector fields as the bracket. 

Any regular integrable foliation ^ C Tx carries a natural Lie alge- 
broid structure, for wich the anchor is the inclusion and the bracket is 
the restriction to of the commutator of vector fields. 

Let {K, 0, {•, •}) be a Lie algebroid with anchor equal to zero. Then 
the bracket is actually C°°(X)-linear, so T{K) inherits a C°°(X)-Lie 
algebra structure. Moreover, the bracket induces on each fiber of K 
a R-Lie algebra structure that varies smoothly. So is a so called 
bundle of Lie algebras. 

Vice versa, if X is a bundle of Lie algebras, the brackets on the 
fibers glue to define a bracket on global sections, so we can define a Lie 
algebroid structure on K using this bracket and the map as anchor. 
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Remark that we can see any vector bundle as a Lie algebra bundle 
with trivial Lie algebra structure, i.e. any vector bundle admits a trivial 
Lie algebroid structure, having both anchor and bracket equal to 0. 

Let (L, a, {•,•}) be a Lie algebroid: the image of the anchor ^ — 
Im (a) is an integrable foliation of X (not necessarily regular), that we 
call foliation associated to the Lie algebroid. 

The kernel of a gives a subsheaf of the sections of L, and is naturally 
equipped with a structure of sheaves of ^^-Lie algebra. 

Let X be a smooth manifold and n e r{/\^Tx) a Poisson bivector. 
Then we can define a Lie algebroid structure on the cotangent bundle 
with 

• anchor jj : — > Tx given by the contraction with H, 

• bracket defined by the formula 

{a, 13} = d(n, a A 13)- ^^^fs)a + 

for any a, f3 E r(TJ), where is the Lie derivative along the 
vector field V. 

2.3. Lie algebroid connections and characteristic classes. As 

before, let X be a manifold, {L,a, {■, ■}) be a Lie algebroid and E a 
vector bundle over it. 

Definition 2. By a L-connection on E we mean a map V : ^{E) 
r{E) (8) A\ satisfying the Leibniz rule V(/e) = /Ve + e (g) c?l/. 

As with usual connections, one can extend an L-connection to higher 
degree forms: let A'liE) be the sheaf of sections of /X'^ L* (g) E, and 
A'l(E) its global sections. Then there is a unique way to extend V to 
an operator V : Al{E) such that V{r] (g) s) = dijy (g) s + 

(-l)^r; A Vs for ri e and s e r{E). 

Define the curvature of V as 

= V oV : Al{E) ^ Al{E). 

It turns out that Fy is C°°(X)-linear, thus yielding a global section in 
A|(Endi?); moreover the following formula holds: 

F^{u,v){e) = [V„,V„](e) - V{„,„}e , u,v e r(L), e E T{E) , 

where : E ^ E denotes the 1st order differential operator e — )■ 
{Ve,w). 

Remark that any (Tx-) connection on E induces a L-connection: if 
V : E E (E) Tx is a connection, composing with 1^ (g) a* : E ^ — )■ 
E ^ L* we obtain a L-connection. So on any vector bundle E there 
always exist L-connections. 

We say that a L-connection on the vector bundle E is fiat when its 
curvature vanishes; when this happens, the map r(L) — >^ Der(LJ) given 
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by w — )■ is a morphism of M-Lie algebras. We will also use the 
terms representation of L or L-module to mean a flat L-connection on 
a vector bundle E. 

If {E, V) is a L-module, then (A* (E'), V) forms a complex, and we 
can define the cohomology groups of L with values in E, and denote 
them by H^{L;E,V). 

Let £^ be a rank r complex vector bundle on M. Recall that the 
characteristic ring of E, that we denote by TZ{E), is the image of the 
Chern-Weil homomorphism 

Ai,:/-(GL(r,C))->if^«(X;C), 

where J*(GL(r, C)) is the algebra of Ad(GL(r, C))-invariant multilinear 
maps P : glj, X . . . X glj, — )■ C, and A^; is defined using the curvature of 
any connection on E (see for example [9j, Chapter 3.3). 
If (L, a, {■, ■}) is a Lie algebroid, we have: 

Definition 3. The L-characteristic ring of a complex vector bundle E 
is the pull-back through the anchor of the characteristic ring of E: 

ni{E) = a*{n'{E)) C H'{L, C) := H'{L; R) ® C . 

It turns out that one can compute the L-characteristic ring of E via 
the curvature of any L-connection on it, similarly to what happens in 
the usual case: if F G y4|(EndL^) is the curvature of a L-connection 
and P G /^(GL^), then one can show that the formula 

for Ml, ... , U2k £ r(L) is well defined and gives a closed 2-L-form, and 
that its cohomology class does not depend on the L-connection chosen. 
This construction yields a homomorphism : /'(GLr) — H*{L) that 
makes the diagram 

/•(GL(r,C)) — i/^^(X,C) 




commutative. 

2.4. Matched (twilled) pairs of Lie algebroids. Let (Lj, a^, {-, jj) 
for i = 1,2 be two Lie algebroids over the same manifold X. We 
say that they form a matched pair (or twilled pair) if we are given a 
Li-module structure on L2 and a L2-module structure on Li (that we 
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denote both by V) satisfying the following equations: 
(2) 

[ai(Mi), 02(^2)] = -ai(V„2Mi) + a2(V„iM2) , 

Vt^i {{U2, ^2)2) = { V„iM2, V2}2 + {U2, 'Vu^V2}2 + Vv,2«iM2 " Vv„2«i^^2 , 

V„2({Mi,t;i}i) = {V„2Mi,t;i}i + {ui,Vu2Vi}i + Vv,jM2^*i - Vv„i«2^i • 
This definition is motivated by the following (see [13j): 

Proposition 3. (1) Let L be a Lie algebroid, and Li,L2 two sub- 
Lie algebroids of L such that L = Li ® L2. Then (Li,L2) is 
naturally a matched pair of Lie algebroids. 
(2) Let (Li,L2) be a matched pair of Lie algebroids. Define on 
L = Li ® L2 the following structures: an anchor 

a: L ^Tx , a{ui + U2) = ai{ui) + 02(^2) 
and a bracket 

{ui + U2,vi + V2} = {{ui,vi}i + V^,i(m2) - V^2(wi)) + 

+ ({^^2,^2)2 + V«i(t;2) - V„2(^^i)) 

for any Ui, Vi G T{Li), i = 1,2. 

Then {L,a, {■, ■}) is a Lie algebroid, that we denote by Li ixi 
L2, and Li,L2 are naturally sub-Lie algebroids of L. 

Consider the groups 

p g 

kP'^ = t{/\li0/\l;). 

The Lj-module structures on L- (where i = 2 for i = 1 and i = 1 for 
i = 2) induces an Lj-module structure on /\^ L*. This leads to two 
differentials dz., : K^'i Kp+^''^ and d^^ : RP''^ KP'1+^ induced 
by the module structure. The three equations [2] are equivalent to the 
commutation rule dLid^j = (— l)^dL2dLi, i-e. the triple (i^'*'*, d^^, d^j) 
is a double complex. 
One has: 

Proposition 4. The Lie algebroid cohomology of L = Li tx\ L2 is the 
cohomology of the total complex associated to {K''*, d^-^, d^^). 

3. HOLOMORPHIC Lie algebroids 

3.1. Holomorphic Lie algebroids and associated smooth Lie al- 
gebroids. Let now X be a complex manifold, and Tx its holomorphic 
tangent bundle, whose dual is the bundle of holomorphic 1-forms. 

Definition 4. A holomorphic Lie algebroid is a triple (£, a, {■,■}) 

where 

• C is a coherent locally free iy'x-module; 

• {■, ■} is a Cx-Lie algebra structure on C; 
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• the anchor a : C ^ Tx is a morphism of i^x-f^odules which is 
also a morphism of sheaves of Cx-Lie algebras, satisfying the 
usual Leibniz rule for Lie algebroids. 

For a holomorphic Lie algebroid £, we denote by fi^ the sheaf /\^ £*, 
and call its sections holomorphic k-C-foims. The holomorphic differen- 
tial dc : n'^ — )■ i^^^ is defined by the formula ([T]) with the appropriate 
modifications. 

If {C,a, {■, ■}) is a holomorphic Lie algebroid, we can consider C as 
a smooth bundle over X. Then the anchor a induces a map of smooth 
bundles Ok : £ — Tx , and similarly the bracket { ■ , ■ } induces a bracket 
on the smooth sections of C, that we denote by {•,•}]». We call £]r = 
(£, OjR, {•, -Ik) the real Lie algebroid associated to L. Furthermore, £ 
has a natural almost complex structure, i. e. an endomorphism 
whose square is —1 and that makes the diagram 



Jc 



X 
Jx 



£ — 

commutative, where Jx is the almost complex structure of X. So we 
have the splitting of the tensor product £ (g> C = £^''^ © £'''^ according 
to the ±a/I eigenvalues of Jc- Moreover, £^'° and £°'^ are invariant for 
the bracket {•, - jc (defined extending {■, -jiR by C-bilinearity) , so they 
are real sub-Lie algebroids of £ ® C, i. e. they form a matched pair. 

It was noticed in [15j that we can associate another smooth Lie 
algebroid to a holomorphic Lie algebroid £, that we denote by Ch- 
As we will see, the latter encodes the information on the holomorphic 
cohomology of £. 

Proposition 5. If C is a holomorphic Lie algebroid, then (T^'^,£^'°) 
is naturally a matched pair, and we will denote by Ch the twilled sum 

£i'OMr°'\ 

The representation of T^'^ on £^'° is given by the holomorphic struc- 
ture of £, while the representation of £^''^ on T^' is given by: 

V„(r)=prO'i([a(«),V]) 

for u e r(£i'0) and V e r(T°'^). 

We will call Ch = £^'° tx T^^ the canonical complex Lie algebroid 
associated to the holomorphic Lie algebroid £. 

3.2. Cohomology of holomorphic Lie algebroids. Let £ be a holo- 
morphic Lie algebroid. Define the holomorphic Lie algebroid cohomol- 
ogy of £ by 

HUC)=IF{ni,dc), 
where H denotes the hypercohomology of a complex of sheaves. 
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Let Lh = CXI be the canonical complex Lie algebroid associ- 
ated to C The associated double complex that computes its cohomol- 
ogy is 

and we denote by A^'^ the vector spaces of global sections. 

Because of the (9-Poincare lemma, for any p the complex {K^''^, d)q>Q 
is exact in positive degree, and the kernel of the first map K^'^ — )■ K^'^ 
is n^. So we have the following generalization of classical theorems (cf. 
dS] and [3]): 

Theorem 6. Let C be a holomorphic Lie algebroid. Then we have the 
following isomorphisms: 

(1) (holomorphic De Rham) 

(2) (Dolbeault) 

H'^iX,ni)^H^{A^/^,dcJ. 

Remark that the second of the previous isomorphisms can be readily 
generalized to the case of coefficients in a holomorphic vector bundle: 
if £^ is a holomorphic vector bundle, there is a natural way to define the 
associated Dolbeault £-complex A^£'^{S) = ^^'^ S with an operator 

defined by the holomorphic structure of S. Then there are isomor- 
phisms 

(3) H'^iX; nl0S)^ H\A^^^{8), Be). 

As a notation, we will write H^'''{Ch', S) for the cohomology groups 
H^{A^^:{£),de). 

Let H = {Ua} be a sufficiently fine open covering of X, such that we 
have an isomorphism between sheaf and Cech cohomology over it. 
Consider the double complex 

with differentials d^, S; its associated total complex (T*, S) computes 
the hyperco homology of Jl* , so it computes H^{C^ C). 
The filtration by columns of the total complex 

p+q=k, p>r 

induces a filtration in the Lie algebroid cohomology: 

FPR'^iC C) = Im {H''{FPTl) H^C, C)). 
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The associated spectral sequence has Ei and E2 terms given by 

= i7'/(X, nl) El'" = HP{H\X, ), Ac)- 

In the classical case, when L = Tx and X is a compact Kahler man- 
ifold, the Hodge decomposition imphes that £'f'^ = ii^^'* and that the 
differential dx is zero. Let us rewrite this fact as: 

Lemma 7. Let X be a compact Kahler manifold, and (f)io,...,ig a closed 
Cech q-cochain ofQ^. 

Then the Cech q-cochain d4)iQ,...,iq is Cech-exact, i.e. dxf) — St for 
somer eCi-\!d,nP+^). 

Now, for a general holomorphic Lie algebroid C, there is no analogue 
of Hodge decomposition, so we do not have degeneration of the spectral 
sequence at the first step. Anyway, we can use this lemma to find a 
mild degeneration of the spectral sequence: remark that on functions 
dc coincides with the composition of the exterior differential d with the 
dual of the anchor, i.e. dc{f) = a*{df) for any / G ^x- Then, since 
the differential di coincides with d£, the previous lemma implies: 

Lemma 8. If X is a compact Kahler manifold, then, restricted to 
p = 0, the differential di of the spectral sequence di : E^'"^ eI''^ is 
zero. 

This can be rephrased as the degeneration at the first step of the 
spectral sequence associated to the truncated complex 

KP'i p = 0, 1 

p > 1 ■ 

In particular, this gives the following corollary: 

CoroIIciry 9. Over a compact Kahler manifold X there are isomor- 
phisms 

for any k >0. 

Since in the next sections we will be interested in F^H'^{C;C), we 
need to represent its elements explicitly. The elements of H'^{F^T^) are 
represented by closed elements of F^T^ — K^'^ © X^'^, that is, pairs 
(0a^, Qa) satisfying the equations 

(4) dc^afi = {SQ)al3, 

dcQa = 0; 

while coboundaries of F^T^ are of the form {{Sr))ap, djcrja) for rja £ 
Hence we have a natural projection 

H\F'T-^) ^ H\X, , [(0, Q)] ^ [0] , 

well defined by the fact that if {(f), Q) — Srj then cf) — Srj. 
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One has functoriality properties: any holomorphic Lie algebroid mor- 
phism ^ : £ ^ £' yields pull back morphisms Hp{C',C) ^ Hp{C,C) 
and FPH^{C\C) FpH^{C,C). 

In particular, we can apply this to the anchor map a of a holomorphic 
Lie algebroid £: this yields morphisms H^^{X, C) — )■ HP{C, C) and 
FPH^{X, C) ^ F'PH^{C, C). 

3.3. Holomorphic /^-connections. Let now £ be a holomorphic Lie 
algebroid over a compact Kahler manifold X, and £ a holomorphic 
vector bundle on X. Similarly to the smooth case, we have: 

Definition 5. A holomorphic C-connection on S is a map of sheaves 

V : £ ^ £ ® Vie satisfying the Leibniz rule V(/e) = /Ve + e ® dcf for 
any f G ffx e ^ £. 

The curvature Fy G H^{X, S'nd{£)®VL^^) of a holomorphic /^-connection 

V is defined in the same way as in the smooth case. 

Let /2 be a holomorphic Lie algebroid and consider the associated 
Lie algebroid Ch = C}'^ ixi . Let £^ be a smooth vector bundle and 

V a £ft-connection on it. Since clS cL vector bundle, V 
splits in two operators 

V : T{£) ^ r(^) ® A\r,o , V" : T{£) T{£) ® , 

satisfying the Leibniz rules 

V'(/s) = fV\s) + a£i,o(/) ® s , V'ifs) = fV's + df^s, 

for / G C°°(X) and s G T{E). 

The following lemma is straightforward: 

Lemma 10. Let C be a holomorphic Lie algebroid over X , E a smooth 
vector bundle on X and V a smooth Ch connection on £. Let F be the 
curvature of V, and F = F'^'^ + F^'^ + according to the splitting 
ofAl^{End£). 
Then 

(1) F"'^ = z/ and only if V" defines a holomorphic structure on 
E; 

(2) + = if and only ifV is induced by a holomorphic C- 
connection, where E is equipped with the holomorphic structure 
defined by V"; 

[3] F = if and only if V is induced by a flat holomorphic C- 
connection. 

We now study the problem of existence of holomorphic /^-connections 
over a holomorphic vector bundle £. For C = Tx the problem is well 
known, and we refer to [1] for further details: let Jx{£) be the bundle of 
holomorphic first order operators on £ with scalar symbol. It admits 



12 



PIETRO TORTELLA 



naturally a Lie algebroid structure, whose anchor is the symbol and 
whose bracket is the commutator of differential operators. It is usually 
called the Atiyah Lie algebroid of £. There is a natural short exact 
sequence 

(5) ^ ^nd(S) J^{E) ^Tx^O ■ 

A holomorphic (7x-) connection on £ is equivalent to a splitting of 
this exact sequence, so there exists a holomorphic connection on £ if 
and only if the extension class 

a{S) e E^t\rx, M{8)) = H^{X, M{S) ^ Ox) 

is zero. It is a theorem of Atiyah that the class a{£) generates the 
characteristic ring of so one has: 

Theorem 11. Let £ be a holomorphic vector bundle over a compact 
Kdhler manifold X. 

Then TZ^E) = is a necessary condition for the existence of a holo- 
morphic connection on E. 

Let us recall how one can prove this: fix a Hermitian metric on 
£. Let V be the Hermitian connection on £; by definition it is the 
unique connection compatible with both the metric and the holomor- 
phic structure of £. Its curvature F is of type (1, 1). The cohomology 
class [F] e H^'^{X, Snd{£)) does not depend on the choice of the met- 
ric, and via the generalized Dolbeault isomorphism 

i7^'^(X, <gnd{£)) = H\X, Snd{£) ® VLx) , 

[F] corresponds to the class ci{£). The theorem then follows since, by 
definition, TZ{£) is generated by F. 

Let now £ be a holomorphic Lie algebroid, Ch — C}'^ ixi T^'^, and £ 
a holomorphic vector bundle. 

Let 

ac{£) = a*{a{£)) e Ext^(£, Snd{£)) ^ H^{X, Snd{£) ® Q^) 

be the pullback via the anchor a of the Atiyah class of £. We have the 
corresponding diagram: 

^ Snd{£) ^ Jl{£) ^ C ^ 

. ^nd{£) J^{£) Tx 0, 

where J^i^) bundle of l-£-jets of £ that we are going to define 

soon in a broader context. For the moment, it can be considered just 
as the pull-back of Jx{£) via the anchor. 

A £-connection on £ is equivalent to a splitting of the upper row, so 
it exists if and only if Oic{£) — 0. We have the following: 
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Proposition 12. Let C be a holomorphic Lie algehroid and £ a holo- 
morphic vector bundle over a compact Kdhler manifold X . 

Then the class ac{£) generates the Ch- characteristic ring TZc,X^)- 

Proof. By the £-Dolbeault Theorem with coefficients, we have a com- 
mutative diagram 

H\X, M{£) ® VLx) ^ H^{X, <gnd{£) ® VLc) 

H^^\X,cffnd{£)) ^H^^\Ch,<^nd{£)) . 

Consider the images of a{£), Cic{£) hving in the lower row. 

In general there are not inclusions of H^'^{Chi'^) in H^'^lChjC), so 
Atiyah's argument does not apply straightforwardly. To obtain the 
asserion, we need, for each invariant polynomial P, the existence of 
a d£^-closed representative of the class P{ac{£)) G H'^'^{Ch,C). But 
P[ac{£)) is the puUback of P{a{£)), and, since X is a smooth projec- 
tive variety, we can choose a d-closed representative of P{a{£)), whose 
puUback is a d^-closed representative of P{ac{£))- □ 

It is well known that if a coherent ^x-niodule £ admits a Tx- 
connection then it is locally free. This is no more true in the Lie 
algebroid case: if £ is a holomorphic Lie algebroid and Q the associated 
holomorphic foliation, £ a coherent ^x-niodule and V a holomorphic 
/^-connection on £, then we can only say that £\g is locally free for 
any leaf G of ^ (see [8j). Now we want to study which of the previous 
results generalize to the case when £ is not locally free. 

Let £ be a holomorphic Lie algebroid. As in [5], we can introduce 
the sheaf of ffist £-jet bundle as follows: set JT^ = © with the 
product (a, f){P,g) = + ga, fg). Then Qc is a sheaf of ideals of 
jTc, and we have the exact sequence 

Qc ^ Jc ^ ^ ■ 

For £ a coherent ^x-module, over the sheaf Jli£) = (S) £ ® £ 
we can naturally define a left and right jT^-module structure. These 
induce a left and a right ^x-niodule structures on £: the right ffx- 
module structure on J}^{£) coincide with the ^x-niodule structure 
induced by the direct sum, but the left ^x-niodule structure will in 
general be different. We have the exact sequence 

Q ^ Vtc® £ ^ Jc{£) ^ £ ^ ^ 

of both left and right iy'x and jT^-modules. Remark that when C = Tx 
and £ is locally free, this is equivalent to the sequence ([5]). We define 
the £-Atiyah class of the coherent ^^-module £ as the class of this 
extension as left i^x-niodules in Ext^^(£,£^ ® ^c)- It is zero if and 
only if there exists a holomorphic /^-connection on £. We have: 
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Proposition 13. Let X be a compact Kdhler manifold, and C a holo- 
morphic Lie algebroid over it. 

Then the C-Atiyah class of any coherent sheaf S generates TZc{£)- 

Proof. One can check that when C = Tx this definition coincides with 
the usual definition of Atiyah class of a coherent sheaf (see for example 
|14] . chapter 10); in particular, the proposition is well known in the 
case C = Tx- Then one can conclude following the same arguments as 
in Proposition [T2l □ 

We now want to prove the following: 

Proposition 14. Let C he a holomorphic Lie algebroid over a compact 
Kdhler manifold X , and S a torsion free G'x-module. 

If V is a holomorphic C-connection on £, then [rrace(Fv)] = 0. 

If £ is locally free, this is straightforward, since the class of the trace 
of the curvature of V is the first £-Chern class of £. With the following, 
we prove that this is true also if £ is torsion free: 

Lemma 15. Let £ he a torsion free ^x-f^odule and V a holomorphic 
C-connection on it. 

Then [Trace{F^)] = ci^c{£)- 

Proof. Let f/ C X be the open subset where £ is locally free. Then since 
£ is torsion free, its complement has codimension at least 2. Consider 
det(£^), the determinant line bundle of £: on the open U where it is 
locally free we have 

r 

det{£)\u = /\£\u , 

where r is the rank of £. Since ci^CiX^) P^^^ back of ci{£) and 

ci{£) = ci(det(£:)), we have ci^Ch{£) = ci,cMGt{£)y 

Over U, V induces a holomorphic /^-connection V on det£^, defined 
as the rth exterior power of V. Now, since the complement of U has 
codimension at least 2, we can extend V to the whole X by Hartogs 
lemma: for any s G det{£)\u, cr G {det{£)\u)* and u G C, the function 

fs,a,u = (o-, V„(s)) 

is holomorphic on U, so it extends uniquely to X. So we can define 
Vu(s) = fs^u £ det{£), since a fs,a,u is a ^x-linear map. 

Let F be the curvature of V. We claim that F = Trace (Fy): this is 
clearly true over U, so by the previous extension argument this holds 
on the whole X. 

So we finally have 

ci,c,{n = ci,£,(det(^)) = [F] = [Trace(Fv)] , 



as desired. 



□ 
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3.4. Example: logarithmic connections. Let X be a smooth pro- 
jective variety and D an effective normal crossing divisor on it. Con- 
sider the sheaf Vlxi}ogD) of meromorphic 1-forms with logarithmic 
poles along D. This is the locally free i^x-niodule locally generated by 
. . . , dxt+i, . . . , da;„, where Xi, . . . , x„ are local coordinates on 
X such that D has equation a;i ■ ■ ■ = in this coordinates. Remark 
that we have a natural inclusion Vtx ^ fix (log -D), and the quotient 
is isomorphic to the structure sheaf of the normalization of D. The 
exterior differential extends naturally to d : f2^(logD) — )■ fi^^(logD), 
where fi^(logL') = t\^nx{\ogD). 

Consider Tx{^ogD), the dual of fix (log -D). Dualizing the sequence 

^ fix ^ fix(logD) ^ ^ 

we obtain an inclusion 7x(logZ^) Tx- This subsheaf is locally free 
and closed under the commutator of vector fields, so it inherits a holo- 
morphic Lie algebroid structure. 

The holomorphic Lie algebroid cohomology if^^j(7x(log D)) is equal, 
just by definition, to the hypercohomology of the logarithmic deRham 
complex W{X, fi^(logD)), that is well known to be isomorphic to the 
deRham cohomology H^^{U, C) of the open U = X \ D. 

Starting from important works of Deligne, holomorphic integrable 
connections with logarithmic poles along a divisor D have been exten- 
sively studied, see for example j6], [7]. From our point of view, an 
integrable connection with logarithmic poles along D on a coherent 
sheaf S is just a fiat 7x(logD)-connection on S. 

In the Appendix B of [7j , it is shown how one can compute the Chern 
classes of a holomorphic vector bundle in terms of a connection with 
logarithmic poles along D. In particular, it is shown: 

Theorem 16. Let X be a smooth projective variety and D an effec- 
tive normal crossing divisor on X , S a coherent i?'x -module and V a 
Tx [log D)- connection on 8. Let D = 'Y^aiDi with Di irreducible, and 
[Di] the class of Di m H^{X,C)- 

Then thep-th Chern class ofS is a C-linear combination o/fDjJ^^ ■ ■ ■ [-DjJ^' 
with ^ fca = 

Now we can easily see that this theorem implies Theorem [T3] when 
C = Tx(}ogD): since 

H^{{rx{\ogD)),X) = HUTxilogD)) = KbPX) , 

the pullbacks of [Di] to the Lie algebroid cohomology vanish. So if S 
admits a holomorphic connection with logarithmic poles along D, its 
7x(logiI')-Chern classes vanish. 
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4. Sheaves of filtered algebras 

4.1. Lie algebroids associated to an almost polynomial filtered 
algebra. In this section we want to classify tlie slieaves of rings A 
satisfying tlie axioms of Simpson's paper |18) . 

Let X be a smooth algebraic variety over C or a complex manifold. 
By a sheaf of filtered algebras on X we shall mean what Simpson calls 
"almost polynomial sheaf of rings of differential operators", that is 
a sheaf of rings A over X with a filtration of subsheaves of abelian 
subgroups A(j) C A(j+i) C . . . C A for i G Z>o, satisfying the following 
axioms: 

(1) Cjjf, the constant sheaf over X is in the center of A; 

(2) Aq = i^x, — ^(i+j) ^^'^ ^ ~ U^(i)' ^^^^ implies that 

is a sheaf of subrings of A, and each A(j) carries an ^x-bimodule 
structure; 

(3) the left and right (^x-niodule structures on Gr^A = A(j)/A(j_i) 
coincide; 

(4) the graded (^x-niodules GrjA are coherent; 

(5) the graded algebra Gr*A is isomorphic to the symmetric algebra 
over the first graded piece GriA. 

By a splitting of A we mean a left ^x-Kiodule morphism ( : GriA — )■ 
A(i) that splits the exact sequence 

(6) 0^ A(i) ^ GriA ^ 0. 

Since the graded object of A is commutative, the top degree part 
of the commutator of two elements vanishes. So [A(j), Aq)] C A(j+j_i), 
and this allows us to define the following holomorphic Lie algebroid 
structures on A(i) and GriA: 

• for each x G A(i), the map a\{x) : f [x, f] = xf — fx is a 
derivation of ffx, yielding a map A(i) — )■ 7x; 

• since a\{x + g) = a\{x) for any g G ^x, clk factors through 
the quotient A(i) — > GriA, and we have another anchor oq : 
GriA ^ Tx] 

• A(i), is closed under the commutator [-,•], and together with 
the anchor a\ it defines a Lie algebroid structure on A(i); 

• for each u,v E GriA, define 

[u,v\g = [x,y] mod ^x 

where x, y G A(i) are representatives of u and v respectively; one 
can check that this definition does not depend on the choice of x 
and y in their classes, and that the thus defined bracket satisfies 
the Jacobi identity and the Leibniz rule w. r. t. the anchor qq. 

We call (GriA, oq, [■, ■]g) the Lie algebroid associated to A. 
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It follows from the definition that the projection A(i) — )■ GriA is a 
Lie algebroid map, so we can look at as an exact sequence of Lie 
algebroids, where ffx is given the trivial Lie algebroid structure; hence 
A(i) is an abelian Lie algebroid extension of GriA by ^x- 

Similarly to Sridharan's paper [20j, in order to classify the A's we 
proceed as follows: we first classify abelian Lie algebroid extensions of a 
holomorphic Lie algebroid C by ^x, and then see that such extensions 
are in a one to one correspondence with the isomorphism classes of pairs 
(A, S), where A is a sheaf of filtered algebras on X and S : Gr,A — )■ 
Sym^^£ is an isomorphism of sheaves of graded algebras. 

4.2. Lie algebroid extensions. Let X be a complex manifold, and 

(7) O^^x^C'^C^O 

an abelian extension of holomorphic Lie algebroids over it. 

Assume that there exists a global splitting ( : C ^ C oi the se- 
quence considered as a sequence of left ^x-niodules. This gives an 
isomorphism of left ^x-^odvAes ( : C Gx © -C, so we can write 

with Q{u,v) G iP'x- Q is antisymmetric and ^x-bilinear, so it is a 
holomorphic 2-£-form; moreover, one can check that the Jacobi identity 
for [-, ■]£/ is satisfied if and only if d^Q = 0. 

It is then easy to see that by changing the splitting, we change Q by 
an exact holomorphic 2-i2-form. More precisely, we have the following: 

Lemma 17. Let Ci,C2 be two global left ifx-tnodule splittings of 

Q^&x^C'^C^Q, 

and let = - Ci ^ Hom{C, Gx) = H^{X,VLc). Let Qi,Q2 be the 
closed holomorphic 2-C- forms associated to C^i, (2 respectively. 
Then Q2 - Qi = dcip- 



Because of this, remembering the notation of Section 13. 2[ since 

closed 7712,0 T?2TT2(r ir\ 
MHV^)=''^ =Fi7(£,C), 

we have 

Corollary 18. Let X he a complex manifold and L a holomorphic Lie 
algebroid over it. Then the isomorphism classes of holomorphic Lie 
algebroid extensions 

Q^ffx^C'^C^Q 

which are split as sequences of left ffx-i^odules are in a one to one 
correspondence with the elements of F"^ H"^ {C , C) . 
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Now we examine what happens if the extension ([7]) does not spht 
as a sequence of ^x-modules: let $ G Ext\C, ^x) = H\X,nc) be 
the associated cohomology class. For a sufficiently nice open covering 
■U = {Ua} of X we can represent $ by a closed 1-Cech-cocycle (pa/^, and 
choose local splittings 

satisfying (^^ — C„ = (p^iB- Then we can do the previous construction on 
each Ua and obtain a closed holomorphic 2-£-form Qa G H^{Ua,^'c)- 
Because of Lemma [171 these satisfy — Qa = dc4>ap on the double 
overlaps Uai3- So the pair {Qa, <Pap) is a closed element of F^T^. 

Now let be another representative of $; then — 0a/3 = {^v)ai3 
for some t] G C^{iX,Q]^). Let ('^ be local splittings over Ua satisfying 
Q-C'a = 'P'ap = Kfi + (Hcfi, and G E\UaM\) the closed 2-£- 
forms associated to the splittings Ca- Then — Q)^/? = ^c{^'!])afii 
which means, since b and d^ commute, that the local 2-£-forms Q'^ — 
Qa — dcTja glue to a global 2-£-form G. So 

Hence the cohomology class of {Qai<Pai3) in H'^{F^T*) is independent 
of the choices we made. 

Now, if X is a compact Kahler manifold, by Corollary |9] we can 
identify H^{F^T') with F^H^{C] C), and we obtain: 

Theorem 19. Let C be a holomorphic Lie algebroid over a compact 
Kahler manifold X . 

Then the isomorphism classes of abelian extensions of C by Gx ore 
in a one to one correspondence with the elements of the cohomology 
group F^H\C,C). 

In this interpretation, the map F^H'^{C,C) — ?■ H^{X,Qc) asso- 
ciates to an extension of Lie algebroids its class as an extension of 
i^x-modules, while Corollary [18] describes the fiber of this map over 0. 

4.3. Prom extensions to algebras. In this section, we will modify 
Sridharan's construction of twisted enveloping algebras to the case of 
Lie algebroids, and see that the datum of an abelian extension of a 
holomorphic Lie algebroid C by ^x is equivalent to a pair (A, H) with 
A a sheaf of filtered algebras over X and S : GrA — )■ Sym*£ an isomor- 
phism of sheaves of graded algebras. 
Let 

O-^^x-^C'^C^O 

be an abelian extension of holomorphic Lie algebroids and a = {Qa, <Pap) 
a representative of the class E G F^H^{C, C) associated to this exten- 
sion. 

For each a define the following sheaf of algebras over Ua' 
U,{C)a = T'{ffu^®C\u^)/lQ^ 
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where T^^ denotes the full Cj/^-tensor algebra, and Iq^ is the ideal 
sheaf generated by the elements of the form 

f ®{g + u)- fg + fu for f,geffuc., '^\u^ 
{f+u)®{g+v)-{g+v)®{f+u)-[f+u, g+v\'-Qa{u, v)l for u,v e C\u„ , 

where [•, •]' denotes the bracket on © J~- corresponding to the trivial 
extension, that is 

[f + u,g + v\^ a{u){g) - a{v){f) + [u, v\ for f,g e ^x, u,v e C . 

Now, on double overlaps Ua/s define maps 

by 

f + f + (j)ap{u) +U f e ^u^p, U e £\u^p . 

One can check that this map descends to an isomorphism of sheaves of 
algebras 

Since (p^p is 5-closed, we have gaisg/B'yg'ya = 1 on the triple intersections, 
so we can glue the local sheaves Ua{C)a via the isomorphisms gi^^, and 
obtain a sheaf of algebras Ua{jC) on X. 

Since the tensor algebra is naturally graded, Ua{jC) inherits a filtra- 
tion. Moreover, since the ideals Iq^ are generated by elements of the 
form "commutator" + "lower degree terms", we have that GrU^{C) = 
Sym*£. Using the injections C\Ua ~^ ^^jj ^\UaJ one can construct one 
such isomorphism explicitly, that we shall denote E^. 

Finally, if a' is another representative of S and a' — a = S{ri), it 
is possible to construct from t] an isomorphism of U^'{£) — >■ lAa{C) 
commuting with the isomorphisms "E^i and Hg.. 

Summing up, we have 

Theorem 20. Let X he a compact Kdhler manifold and C a holomor- 
phic Lie algebroid on it. 

Then there is a 1-to-l correspondence between 

• abelian extensions of C by Gx', 

• elements of the vector space F^H^{C, C); 

• isomorphism classes of pairs (A, H), where A is a sheaf of filtered 
algebras on X whose associated Lie algebroid is L, and S : 
GrK — >■ Syrri L an isomorphism of sheaves of graded algebras. 

In particular, if £ is a holomorphic Lie algebroid and E £ F^H^(jC, C), 
we denote the associated sheaf of filtered algebras by A^^^. 

This construction is functorial: if £, CJ are two holomorphic Lie al- 
gebroids and ^ is a Lie algebroid morphism, we have an in- 

duced pull back morphism between the cohomologies ^* : Hp{C' , C) — )■ 
HP{C, C) preserving the filtration. 
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Then it is easy to show the following: 

Lemma 21. Let : C ^ C be a morphism of holomorphic Lie alge- 
broids and S G F^H^{C', C). Then ^' extends to a morphism of sheaves 
of filtered algebras 



4.4. Examples: algebras Eissociated to the canonical Lie alge- 
broid. Let £ = 7x be the holomorphic tangent bundle with the canon- 
ical Lie algebroid structure. Remark that in this case we have Hodge 
decomposition, so F^H^TxX) = F^Hlj^{X,C) = H^'%X)®H^'\X). 

If E = 0, then At^^^q is the sheaf of algebras of holomorphic differen- 
tial operators ^x- 

For S = [(0, Q)] we can describe A73^ [(o,q)] in terms of local coor- 
dinates as follows. Let x^,...,x"' be local holomorphic coordinates 
of X and d^i the corresponding frame of Tx- Let Qij be such that 
Q — j Qijdx^ A dx^ . Then the commutator of elements in A73^ [(o,q)] 



This is the operator algebra corresponding to a magnetic monopole of 
charge Q. 

Another case that has an explicit description is when [0] e H^'^{X)n 
(X, Z) . Let L be a holomorphic line bundle on X given by tran- 
sition functions Qap ■ UajS — >■ C*; this defines a class in H^'^{X) fl 
H^(X,Z) represented, through Dolbeault isomorphism, by a cocycle 
= ga^(^9ap ^ H^{^i ^x)- For Q = 0, the class [(0, 0)] defines the 
Atiyah Lie algebroid of L: 



so we have Aj^^ [(<^^o)] — ^{L), the algebra of differential operators on 
the Line bundle L. One can then think of ^Tx,[i'Pai3,Q)] operator 
algebra of a twisted magnetic monopole with charge Q and twisting 
line bundle L. 

4.5. Other examples. Let now £ = IChe a holomorphic bundle of Lie 
algebras. Then /C([/) is actually an ^x(t^)-Lie algebra for each open 
U CX, and Hp{H^{U, Q'^). d,c) coincides with the Chevalley-Eilenberg 
cohomology i^Si?(/C(f/), ^xiU)). 

For E = 0, the associated sheaf of filtered algebras Ax;,o is the sheaf 
of universal enveloping algebras of fC: indeed, we have that A^ o(^) 
is the universal enveloping algebra of the ^x{U)-hie algebra JC{U) for 
each open U C X. 




is determined by: 



[x\ x^ = , 
[x\d^j] = 6i , 
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More generally, if S = [{Qa, (pa/s)], then A/c^s([/q) is the Sridharan's 
universal enveloping algebra of the ^x(f^o)-Lie algebra lC(Ua) associ- 
ated to the class G H'^{U^,Ql) = if^^(/C(?7„), ffx{Ua))- For any 
open V C Ua, we obtain Ai^^y.{V) in the same way using the restrictions 
Qa\v, so we have an explicit description of the sheaves {Ajc^T.)\Ua- One 
can then check that (pap give rise to isomorphisms on the overlaps. 

For any regular integrable holomorphic foliation ^ C 7x, we have 
a holomorphic Lie algebroid structure induced by the canonical one on 
Tx. 

If E = 0, then A.^ q is isomorphic to the algebra of differential 
operators along the foliation. For more general S we obtain operator 
algebras of (twisted) monopoles propagating along the foliation. 

5. A-MODULES 

5.1. Moduli spaces. Up to now, we have worked mainly in a complex 
analytic setting, while from now on we will stay in the algebraic cat- 
egory. By the GAGA principle, we can identify the algebraic objects 
with the associated holomorphic ones, and we will mix the terminology, 
so that a holomorphic Lie algebroid over a smooth projective variety 
will be the same thing as an algebraic one. Actually, all the previous 
results can be formulated and proved in an algebraic setting, since the 
only transcendental result that we used is the Hodge decomposition, 
which is also true for smooth complex projective varieties. 

Let A be a sheaf of filtered algebras over a complex smooth projective 
variety X, and S a coherent sheaf on X. 

Definition 6. A A-module structure on £ is an x-T^orphism yU : 
A ^ S ^ S satisfying the usual module axioms and such that the &x- 
module structure on £ induced by Gx A coincides with the original 
one. 

We say (cf. [18j) that a A-module {£, fi) is (semi)stable if £ is torsion 
free and for any subsheaf T ^ £ invariant under /i (i.e. such that 
/i(A(8)J^) C T\ onehasp(J^) < ]){£) (resp. "piT) < p{£)), where p{£) is 
the reduced Hilbert polynomial of £, defined as the ratio P{£)/rnk{£), 
where P{£){n) = x[£ ® Gxip)^ is the Hilbert polynomial of and 
rnk{£) its rank. 

The main result of [18] is the following: 

Theorem 22. Let X be a smooth projective variety, A a sheaf of filtered 
algebras on X and P a numerical polynomial. 

Then there exists a quasi projective scheme M.\{P) that is a coarse 
moduli space for semistable A-modules with Hilbert polynomial P. 
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Let £ be a holomorphic Lie algebroid, S G F'^H'^{C,C) and A = 
s- So there exist left ^x-module splittings of the sequence 

0^ ffx ^ A(i) ^ £ ^ . 

Choose a splitting C, which provides a representative Q G H^{X, r2£)ciosed 
of S. 

To a A- module structure on we canonically associate a sheaf 
map V : S ^ S ® C*, defined by 

{V{e),v) = fi{C{v)®e) 

for all f G £. This map satisfies the d^-Leibniz rule V(/e) = /V(e) + 
e^dcif) for any / G and e G so it is a holomorphic /^-connection 
on £. 

Vice versa, if we have a holomorphic ^-connection V on S, we can 
define a morphism /ii : A(i) ^ S ^ S hj 

/^i((/ + C(«))®e) = /e+(V(e),t;). 

This morphism can be extended to a A-module structure if and only if 

/ii(a (g) (g) e)) - fii{b /ii(a ® e)) = /ii([a, 6] ® e) 

for any a, 6 G A(i), e E £. This condition is satisfied if and only if 

(V(e), [uM) + QMe - (V((V(e),w)),t;) + (V((V(e), t;)), = 

for any u,v E C and e G that is if and only if the curvature of V 
satisfies 

Fv = Qls ■ 

So we have: 

Proposition 23. Let C be a holomorphic Lie algebroid, Q G H^{X, ilj-) 
a closed 2-C-form, and S a coherent sheaf on X . 

Then giving a Ac,[{o,Q)]-'module structure ^ on£ is equivalent to giving 
a holomorphic C-connection V : £ ^ £ ® L* such that Fy = Qls- 

By virtue of this proposition and Theorem [221 there exists quasi- 
projective moduli schemes Mc,q{P) that are coarse moduli spaces for 
semistable pairs {£,'V), where £^ is a torsion free ^x-niodule with 
Hilbert polynomial P, V is a holomorphic /^-connection on £ satisfying 
Py = Q' l^; and "semistable" means that for any subsheaf T ^ £ with 
V(J') C J- o one has p{T) < p{£). 

Now, if Q, Q' are two cohomologous closed 2-/2-forms, the algebras 
A£,[(o,Q)], A£j(o,Q')] are the same, so the moduh spaces Mc,q{P), Mc,q'{P) 
are naturally isomorphic. Moreover, if Q is not cohomologous to 0, the 
moduli spaces Mc,q{P) are empty for any polynomial P: on one side, 
by Theorem [141 if is a torsion free ^x-niodule and V is a holomor- 
phic /2-connection on it, then the cohomology class of the trace of 
is zero, while on the other side Trace((5 ■ l^:) = rnk{£) ■ Q. 

Summing up, we have: 
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Corollary 24. Let C be a holomorphic Lie algehroid over a smooth 
projective variety X, Q & H^lXjQj-) closed P a numerical polyno- 
mial. 

Then for Q not cohomologous to the moduli spaces Mc^q{P) are 
empty, while for Q cohomologous to the moduli spaces Mc,q{P) pa- 
rametrize semistable fiat holomorphic C-connections with Hilhert poly- 
nomial P. 

For a general S G F^H'^{C, C), we do not have a global splitting of 
the Ist-order sequence. But, if {Qa, 4>af5) is a representative of E, we 
can choose local splittings over Ua such that C/3 ~ Co = (pa/B on the 
overlaps, and repeat the previous argument to find that a [(q^ 0^^)]- 
module structure on a coherent sheaf S is equivalent to a bunch of 
holomorphic /^-connections on £\u^ such that 

• V/3 — Vq = If ® over the double intersections Uap- 

5.2. Examples. If the Lie algebroid is the canonical one (7x, 1, [■, ■]), 
then 7x-connections on a sheaf S are just usual connections. So Mj-^ [P) 
is the moduli space of semistable fiat connections with Hilbert polyno- 
mial P, usually denoted by Mdr{P)- 

If (/C,0,{,}) is a holomorphic bundle of Lie algebras, then a /C- 
connection V on a sheaf S is an ^x-linear map V : S — ?■ £ ® K,* . 
Indeed, since the anchor is zero, so is the restriction of dye to functions. 
So V may be seen as a section of End(£^) ® C* . Remark that, since the 
anchor is 0, the bracket is ^x-bilinear, hence we can see it as a section 
e e H\l\^ C*®C). 

The curvature of a /C-connection in this case is given by Fy = V A 
V + (e, V) G //0(End(£) ® A' ^*)- 

A particular case of this is when IC = Tx equipped with the trivial 
Lie algebroid bundle structure. In this fiat (7x, 0, 0)-connection 

on S is an ^x-hnear map cf) : £ ^ £ ® Vtx satisfying A = 0, i.e. it 
is a Higgs field on £. 

Another interesting case is when /C = Qx with the trivial structure: 
similarly to the above, a fiat (fi^, 0, 0)-connection on £^ is a ^^-linear 
map (j) : £ £ ®Tx satisfying A = 0, that is, a co-Higgs field, 
recently introduced by Hitchin in This is a particular case of the 
construction described in the next section. 

5.3. Holomorphic Poisson structures and generalized complex 
geometry. Let X be a smooth projective variety and 11 G H^{X, /\^ Tx) 
a Poisson bivector. As is Section \2.2\ it defines a holomorphic Lie al- 
gebroid structure on Qx that we shall denote by {Qx)n- 
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According to [10] and |15| . this Lie algebroid defines a generahzed 
complex structure on X. It can be described as follows. Recall that 
a generalized complex structure on a smooth manifold M is defined 
by the (+i)-eigenbundle L of an endomorphism J of {Tm © T^/) ® C 
satisfying = — 1 and J* = — JI. Since L is an isotropic subbundle of 
the Courant algebroid Tm © 7a/, the resriction of the Courant bracket 
of Tm © T^j to L defines a real Lie algebroid structure on it. 

When X is a holomorphic Poisson manifold with holomorphic Pois- 
son bivector 11, we can define the following endomorphism of Tx ®T^: 



where J is the almost complex structure on X and jj/ is the morphism 
Tx — )■ Tx associated to the bivector 11/, where 11 = II/j + ill/ for 



complex structure on X, that we shall call L^yi- 

Remark that the elements of L^u are of the form {V + «4tj/^, ^) with 
V G T^^ and C, G T^'^, which gives an isomorphism L4J1 = T^'^ ©T^^'°. 
Moreover we have L^ji = T^ ' © T^' , and the Lie algebroid differential 
on functions is dL^^f = Bf + hi.df). 

The following theorem is proved in [15]: 

Theorem 25. The Lie algebroid L^u is isomorphic to (fix)n ^ ^x^- 

If E' is a vector bundle on M, we shall call a L- generalized holomor- 
phic structure on E a. representation of L on E. 

By Lemma [ini a L4n-generalized complex structure on a vector bun- 
dle E is equivalent to a holomorphic structure S on E and a fiat holo- 
morphic (f2x)n-connection on S. In particular, by the previous con- 
struction, we obtain moduli spaces for such objects, that is: 

Corollary 26. Let X be a smooth complex projective variety, and 
n G H^{X, /\^ Tx) an algebraic Poisson bivector on X inducing a gen- 
eralized complex structure L^u on X . 

Then for any numerical polynomial P , there exists a quasi-projective 
scheme Mn(P) parametrizing semistable L4J1- generalized holomorphic 
vector bundles with Hilbert polynomial P. 
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